We report experimental observation of new tightly and loosely bound state vector solitons with locked and precessing states of polarization in a carbon nanotube mode locked fiber laser in the anomalous dispersion regime.
Introduction
Vector solitons (VSs) in mode locked lasers present a train of stabilized short pulses with the specific shape defined by a complex interplay and balance between the effects of gain/loss, dispersion, nonlinearity, and the state of polarization (SOP) either rotating with the period of a few round trips or locked [1] [2] [3] [4] . The stability of VSs at the different time scales from femtosecond to microseconds is an important issue to be addressed for increased resolution in metrology [5] , high precision spectroscopy [6] and suppressed phase noise in high speed fiber optic communication [7] . In addition, there is considerable interest in achieving high flexibility in the generation and control of dynamic SOPs in the context of trapping and manipulation of atoms and nanoparticles [8, 9] , control of magnetization [10] , and secure communications [11] .
The stability and evolution of vector solitons at a time interval from a few to thousands of cavity round trips is defined by asymptotic states (attractors) which the laser SOP approaches at a long time scale, viz. fixed point, periodic, quasi-periodic, and chaotic one [11] . Solitons can bind together to form a bound state and so, in addition to polarization stability, the stability of bound state in the context of delay and phase shift have to be considered as well [12, 13] .
Malomed firstly theoretically predicted the existence of bound state soliton using Ginzburg-Landau equation [14, 15] . It was pointed out that direct soliton interaction can form bound states of solitons with fixed and discrete separations. The bound state solitons also possesses a fixed phase difference i.e. 0, π, π/2 [16, 17]. Very recently, bound state solitons with independently varying phases has been theoretically predicted [12] . To date, bound state solitons have been experimental observed in various types of passively mode locked fiber lasers including nonlinear polarization rotation (NPR) mode locked fiber laser [18] [19] [20] [21] and the figure-of-eight fiber laser [22, 23] . Recently, bound state solitons have been observed in novel carbon nanotubes (CNT) and graphene based mode locked fiber lasers [24] [25] [26] .
So far, the polarization dynamics of bound state soliton in mode locked lasers has not been studied. Unlike NPR configuration where output is linearly polarized and figure-of-eight configuration where active and passive cavity have to be matched with high precision, CNT polymer composite based mode locked lasers has attracted a lot of attention due to their low cost, ease of fabrication and implementation [27] [28] [29] [30] [31] [32] [33] . Most importantly, CNT mode locker does not suffer from polarization sensitivity which inherently extends the possibility of studying polarization dynamics in mode locked lasers. In addition to this, we demonstrate for the first time that CNT polymer composite mode locked laser provides high tunability among different locked and precessing SOPs and between tightly, loosely, interleaved and complex bound states. The experimental setup is shown in Fig. 1 . The ring cavity fiber laser with the total length of 7.83 m comprises ~2 m of erbium doped fiber (Liekki Er80-8/125, group velocity dispersion is β 2,EDF = −19.26 ps 2 /km,) and standard single mode (SMF-28) fiber with anomalous dispersion, two in-line polarization controllers (PC) and a 980/ 1550 nm wavelength division multiplexer (WDM). An in-fiber optical isolator is used to maintain unidirectional lasing operation. 90% of the laser light is coupled out of the cavity through a 90:10 fused fiber coupler. The CNT mode-locker is sandwiched between two standard fiber connectors and the index matching gel is applied to minimize the loss. Detailed information regarding the CNT mode locker can be found in [34] . The laser is pumped via the WDM by a fiber grating stabilized 976 nm laser diode (LD) with the maximum current of about 355 mA which provide 170 mW of optical power. The total dispersion of the laser cavity is anomalous which will result in soliton output pulses with typical Kelly side bands. Laser output has been characterized by a commercial autocorrelator (Pulsecheck), an oscilloscope (Tektronix), an optical spectrum analyzer (ANDO AQ6317B) and a commercial polarimeter (Thorlabs, IPM5300). The polarimeter with 1 µs resolution and interval of 1 ms (40 -40000 round trips) is employed to measure the normalized Stokes parameters s 1 , s 2 , s 3 and degree of polarization (DOP) which are related to the output powers of two linearly cross-polarized SOPs 0  1  2  3  2  2  2  1  2  3   2  2  2  1  2  3   0   ,  ,  2  c o s ,  2  s 
Experimental set-up
During the experiment, the pump current has been varied from 240 mA to 355 mA while both intra-cavity polarization and pump polarization control have been implemented to achieve polarization attractors shown in Figs. 2-5. In terms of the sensitivity of the auto-correlator regarding the input SOP, all auto-correlation traces have been averaged over 16 samples. Fig. 2(a) . The optical spectrum indicates a π phase difference between the bound solitons [24] . Stable two pulse bound state is characterized by autocorrelation trace shown in Fig.  2(b) . Defined by the autocorrelation function, three peaks will appear when two soliton pulses are bound together with a fixed phase difference. The pulse separation is ~2.5 ps which is ~5 times of the pulse duration (494 fs) indicating tightly bound solitons. The recorded pulse train shows a repetition rate of 25.7 MHz presenting the laser is operating in a single pulse regime. By properly adjusting the PC, the output laser pulse has a fixed SOP with a fixed phase difference ~1.125π between the orthogonal polarization states which is shown in Figs the vector nature of the soliton bound state in a locked polarization state as shown in Fig. 2(f) .
Results and discussion
By tuning the PCs, we can achieve bistable operation in the form of switching between bound state soliton (blue lines in Figs. 3(a) and 3(c) ) with pulse separation of 10 ps and twin pulse operation with separation of few ns (red lines in Figs. 3(a) and 3(c) ). For bound state soliton, pulse separation is oscillating and so fringe contrast in Fig. 3(a) is suppressed [35] . For the twin-pulse operation pulses are uncorrelated and so there are no fringes in optical spectrum (Fig. 3(a) ). Therefore, we would only see a single peak autocorrelation trace rather than three peaks. The pulse period is of 38.9 ns, pulse width of 494 fs and output power of 0.25 mW. In view of pulse separation is more than 5 times of pulse width, the bound state soliton satisfies criteria loosely bound state [24] . As shown in Figs. 3(e)-3(f) , the bistable operation results in polarization switching between two cross polarized SOPs of particular state, viz. loosely bound state or twin pulse. By increasing the pump current to 320mA, we observed an optical spectrum with an additional modulation of spectral fringes (Fig. 4(a) ). As follows from [26] , spectrum is close to the symmetrical one for low and high frequency fringes and so observed bound state is a two π-shifted bound state complex. Pulse width of 383 fs and the pulse separation of 2 ps (> 5 pulse widths) shown in Fig. 4(b) along with slightly suppressed contrast of fringes in Fig. 4 (a) indicate that solitons in complex are loosely bound [24] . Similar to the bound state operation shown in Fig. 2 , bound state complex is polarization locked which is followed by fixed output pulse powers (Fig. 4(d) ), fixed phase difference of ~0.3 π, high DOP of ~83% (Fig. 4(e) ), and fixed SOP (Fig. 4(f) ). By further increasing the pump current to 355 mA and tuning the PC, combined harmonic mode locking with bound state soliton is observed with period of 13 ns, pulse width of 383 fs and output power of 0.8 mW (Figs. 5(a)-5(d) ). The pulse separation is ~3 ps which is ~9 times of pulse duration showing loosely bound soliton [24] . The central dip in the spectrum and spectral symmetry illustrates a π phase shift between the two bound solitons [26] . Antiphase dynamics of oscillation of the orthogonal polarized SOP leads to CW operation of the output pulse (Fig. 5(d) ). Different scenarios could lead to the low DOP of 15% as shown in Fig. 5 (e) . For example, three bound states solitons can interleave in time with resulting operation at third harmonic shown in Fig. 5(c) . Each of bound state can have different SOP and so averaging over 40 round trips results in low DOP shown in Fig. 5(e) . The SOP jumps shown in Fig. 5(f) can be considered as an indication of such scenario. To interpret this more rigorously, a polarimeter with a resolution of a pulse round trip is required. An additional cyclic SOP evolution can be explained as follows. As shown by Akhmediev and Soto-Crespo [36] , the eigenstates in a fiber in the presence of linear birefringence and circular birefringence caused by nonlinear self-phase modulation are split into two pairs:
Here S 0 = const and α is determined by the ratio of linear to circular birefringence strength. In mode locked laser, in-cavity polarization controller contributes both into linear and circular birefringence whereas anisotropy induced by pump light is suppressed due to relaxation orientation caused by excitation migration [37, 38] . Mode locked operation changes the active medium anisotropy (both linear and circular) due to polarization hole burning and so the pulse SOP located on a circle as shown in Fig. 5(f) . If the beat length in the anisotropic cavity is equal to the round trip and pulse-to-pulse power is constant then pulse SOP is not changed and so vector soliton is polarization locked (Figs. 2(f) and 4(f)). The depth of the hole in orientation distribution of inversion is proportional to the laser power and so with periodical oscillations of the output power (Fig. 5(c) ) light induced anisotropy in an active medium will be periodically modulated [37, 38] . If the round trip equals to the rational part of the beat length then SOP after few round trips will slightly deviate from the initial one and can reproduce itself for the period of pulse power oscillations only which is 400 round trips in our case ( Fig. 5(f) ). Thus, SOP evolution shown in Fig. 5(f) is a superposition of the SOP jumps with precession along the cyclic trajectory on the Poincaré sphere ( Fig. 5(f)) ).
Conclusions
Using an in-line polarimeter for erbium doped fiber laser passively mode locked with carbon nanotubes, we demonstrated, for the first time, new types of vector solitons with slowly evolving states of polarization on a time scale of 40-40000 round-trips for tightly, loosely, interleaved and complex bound states. 
